Abstract. This note provides conditions under which the union of three well-founded binary relations is also well-founded. This note concerns conditions under which the union of several wellfounded (binary) relations is also well-founded.
1
To garner insight, we tackle just three relations, A, B, and C, over some underlying set V . Let {A|B} denote A ∪ B, and so on for other unions of relations. And let juxtaposition indicate composition of relations and superscript * signify transitive closure. We'll refer to the relations as "colors".
Theorem 1 (Ramsey). The union {A|B|C} is well-founded if

{A|B|C}{A|B|C} ⊆ {A|B|C} (1)
Proof. The infinite version of Ramsey's Theorem applies when the union is transitive, so that every two (distinct) nodes within an infinite chain in the union of the colors has a colored (directed) edge. Then, there must lie an infinite monochrome subchain within any infinite chain, contradicting the well-foundedness of each color alone.
2
Only three of the nine cases are actually needed for the limited outcome that we are seeking (an infinite monochromic path, rather than a clique-as in Ramsey's Theorem), as we observe next. Theorem 2. The union {A|B|C} is well-founded if
Proof. When the union is not well-founded, there is an infinite path X = {x i } i with each edge from x i to X i+1 one of A, B, or C. Extract a maximal subsequence {x i j } j of X such that x i j A x i j+1 for each j. If it's finite, then repeat at the first opportunity in the tail. If any is infinite, we have our contradiction. If they're all finite, then consider the first occurrence of x {B|C} y A z. Since we could not take an Astep from x, or we would have, the conditions tell us that x {B|C} z. Swallowing up all such (non-initial) A-steps in this way, we are left with an infinite chain in B ∪ C, for which we also know that no A-steps are possible anywhere. Now extract maximal B-chains and then erase them, replacing x C y B z with x C z (A-and B-steps having been precluded), leaving an infinite chain colored purely C. We can do considerably better than the previous theorem:
Theorem 3 (Tripartite). The union {A|B|C} is well-founded if
Let's call the existence of an infinite outgoing chain in the union {A|B|C} immortality.
Proof. We first construct an infinite chain X = {x i } i , in which an A-step is always preferred over B or C, as long as immortality is maintained. To do this, we start with an immortal element x 0 ∈ V . At each stage in the construction, if the chain so far ends in x i , we look to see if there is any y such that x i A y and from which proceeds some infinite chain in the union, in which case y is chosen to be x i+1 . Otherwise, x i+1 is any immortal element z such that x i B z or x i C z.
If there are infinitely many B's and/or C's in X, use them-by means of the first condition-to remove all subsequent A-steps, leaving only B-and C-steps going out of points from which A leads of necessity to mortality. From what remains, if there is any C-step at a point where one could take one or more B-steps to anyplace later in the chain, take the latter route instead. What remains now are C-steps at points where BB * detours are also precluded. If there are infinitely many such C-steps, then applying the condition for CB will result in a pure C-chain, because neither A{A|B|C} * nor BB * are options.
Dropping C from the conditions of the previous theorem, one gets the jumping criterion for well-foundedness of the union of two well-founded relations A and B:
Applying this criterion twice, one gets somewhat different (incomparable) conditions for well-foundedness.
Theorem 4 (Jumping). The union {A|B|C} is well-founded if
Proof. The first inequality is the jumping criterion. The second is the same with C for B and {A|B} in place of A.
For two relations, jumping provides a substantially weaker criterion for well-foundedness than does the appeal to Ramsey. But for three, whereas jumping allows more than one step for BA (in essence, AA * B * ), it doesn't allow for C, which Ramsey does. Switching rôles, start with jumping for {B|C} before combining with A, we get slightly different conditions yet:
Theorem 5 (Jumping). The union {A|B|C} is well-founded if
Both this version of jumping and our tripartite condition allow
They differ in that jumping also allows 
